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Structural transition in poly(methyl 
methacrylate) due to large deformation at 
temperatures below the equilibrium second- 
order transition temperature 

Y. NANZAI ,  T. KONISHI ,  S. UEDA 
Department of Mechanical Engineering, Osaka City University, Sumiyoshi-ku, 
Osaka 558, Japan 

To analyse the structural change in glassy polymers under large deformation at low temper- 
atures, poly(methyl methacrylate) specimens were uniaxially compressed at temperatures be- 
low the equilibrium second-order transition temperature T 2 with varying strain rates. The state 
of steady plastic flow which appeared in the lower yield range of the stress-strain curve was 
analysed using the Eyring equation in a novel way. This analysis provided the following re- 
sults: at low temperatures, the volume of a flow unit decreased with temperature, probably 
approaching the least critical value; and a functional relation between the activation enthalpy 
AH and the activation entropy AS for the glass deviated gradually from that for the melt de- 
rived from the WLF equation with decreasing temperature. This deviation could be attributed 
to the structural transition of the glass into liquid-like structures of the melt at elevated tem- 
peratures above Tg + 100 K where the WLF equation is no longer available. 

1. Introduct ion  
According to the physical definition of glass, the 
micro-Brownian motion of polymer chains should be 
limited in the glassy state. That is, to take an altern- 
ative conformation a molecular chain segment has to 
pass over an extremely high potential energy barrier. 
Thus it was formerly believed that the isothermal large 
deformation would be limited or impossible for glassy 
polymers. In practice, however, the plastic deforma- 
tion of glassy polymers can easily be observed, and is 
often referred to as "cold drawing". To interpret this 
discrepancy, local adiabatic heating due to plastic 
work has been proposed [1]. However, this suggestion 
is now regarded as unlikely, as plastic deformation 
without rising temperature can be demonstrated by 
stretching or compressing a sample at very low defor- 
mation rates. 

In the past two decades, several theories of iso- 
thermal structural changes due to imposed large strain 
have been introduced to explain the plasticity of poly- 
mer glasses. Robertson [2] proposed a transition of 
the glass into a liquid-like structure which can be 
induced by conformational changes due to imposed 
stress. Using the idea of a fictitious temperature intro- 
duced by Robertson, Rendell et al. [3] further de- 
veloped their concept of a "coupling model of relaxa- 
tion" to discusss the non-linear visco-elasticity. They 
could quantitatively predict the stress strain relations 
of glassy polymers at constant and stepwisely changed 
rates of deformation, and also stress relaxations under 
large deformation. From the standpoint of the free 
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volume, Shay and Caruthers [4] presented a theory of 
time-dependent structural change in glassy polymers. 
Contrary to these theories of rather homogeneous 
structural changes, Lefebvre and Escaig [5] related 
the amount of inhomogeneous defects induced by 
deformation with stress-strain relations and stress 
relaxations due to large deformation. 

As experimental evidence for the structural change 
in glassy polymers, one of the authors (Y.N.) recently 
demonstrated a result verifying the transition of the 
glass into a liquid-like structure [6]. This result was 
deduced from the rate analysis of the steady plastic 
flow appearing in the lower yield range on stress- 
strain curves for poly(methyl methacrylate). A novel 
method of applying the Eyring equation to the steady 
plastic flow of the polymer glass provided a unique 
functional relation between the activation enthalpy 
AH and the activation entropy AS, which agreed with 
a functional relation between AH and AS derived from 
relaxation data for the melt of the same polymer. This 
agreement is direct evidence for the structural change 
of the glass into the melt structure. The agreement of ' 
these AH against AS functional relations indicates that 
the intermolecular interaction regulating the nu- 
merical values of AH and AS of the glass in the lower 
yield range is identical with that in the melt. Further- 
more, this rate analysis contributes to ascertaining the 
physical significance of the Eyring factors obtained 
from the data of steady plastic flow in the polymer 
glass; these factors quantitatively represent the struc- 
tural state of the flowing glass. 
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Our experimental evidence for the structural change 
in glassy polymers has so far been obtained at relat- 
ively high temperatures below Tg, where the micro- 
Brownian motion of molecular segments is believed to 
be probable. It might therefore be suspected that the 
local segmental motion in the glass makes some con- 
tribution to the plastic deformation. Thus in the pre- 
sent study, the plastic deformation mechanism in 
poly(methyl methacrylate) (PMMA) is analysed in a 
temperature range below the equilibrium second- 
order transition temperature T2 [7]. In this temper- 
ature range, the configurational change in the system 
is supposed to be completely prohibited as referred to 
the state of zero configurational entropy. This ap- 
proach enables us to identify the plastic deformation 
mechanism in the lower temperature range with that 
in the higher temperature range; at temperatures be- 
low T2, the structure of the glass is also changed into a 
liquid-like structure. The volume of a flow unit in the 
lower temperature range, however, becomes much 
smaller than that in the higher temperature range; the 
least size of the volume is found to be only ten times as 
much as the volume of a monomer unit. Extrapolation 
of this result into a further, lower temperature range 
leads to the suggestion that with decreasing temper- 
ature the volume of a flow unit approaches the least 
critical value, which is no longer dependent on tem- 
perature and strain rate. 

2. Exper imenta l  procedure  
Cylindrical specimens of 5 mm diameter and a height 
of 10 mm were cut from a commercial cast plate of 
PMMA, and followed by a heat treatment at 130~ 
for 2 h. The glass transition temperature Tg and the 
WLF parameters c~ and c~ for this PMMA sample 
were evaluated from relaxation data as follows [6] 

Tg = 389 K 

and 

c] = 21.1 and c g = 66.4 

The cylindrical specimens were uniaxially com- 
pressed at various constant deformation rates using an 
electro-hydraulic servocontrolled machine. In a tem- 
perature-controlling cabinet, the temperature of speci- 
men was regulated at required temperatures within a 
deviation of 1 K in a range from + 60 to - 60 ~ 
Each side of a specimen was directly in contact with a 
mirror-like surface of steel compression discs without 
lubricant. 

3. Results and discussion 
3.1. Compression stress-strain curves 
The transition temperature T 2 of the PMMA sample 
could be predicted as 

T2 = T g -  c g = 323K(50~ 

Fig. 1 shows true stress against nominal strain (~t 
against en) curves obtained at variations of temper- 
ature ranging from T 2 to 223 K ( - 50~ at a con- 
stant compression strain rate of 3.13 • 10 -5 sec-% 
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Figure 1 Compression stress-strain curves for P M M A  at temper- 

atures below the equilibrium second-order transition temperature 
Tz(50~ i .  = 3.13 x 10 -5 sec -1 

The true stress cr t was calculated on an assumption of 
uniform deformation and isovolume of specimen dur- 
ing the uniaxial compression. 

As indicated by a dashed line in Fig. 1, the strain at 
the yield point approached to a constant value 
(~  0.13) with decreasing temperature. A similar result 
has been presented by Lefevbre et  al. [-8] for PMMA 
by compression tests at low temperatures. The tem- 
perature-dependence of yield strain will be discussed 
later in terms of the structural change in the yield 
process. 

Passing through the yield point, the true stress then 
decreased to the minimum value in a post-yield plat- 
eau range, which will be referred to as lower yield 
range. As indicated in a previous paper [6], this lower 
yield range can reasonably be considered as a state of 
steady plastic flow in the glassy polymer. Because of 
the steadiness of the flow, the Eyring equation can 
convincingly be applied to the lower yield state to 
analyse the plastic flow as a rate process in molecular 
terms. 

3.2. Rate-process analysis of plastic f low in 
the lower yield range 

The Eyring equation for plastic flow under a uniaxial 
stress cr at a constant strain rate k is given by the 
expression 

( cy 9.212k log~ - l o g C T  + 0 . 4 3 4 3 ~  (1) 
T Va 

where Va is the apparent shear activation volume; AH 
is the activation enthalpy; and C is a factor including 
activation entropy AS in the form 

C = \ 3 X l h  } exp (2) 

The quantities X and k 1 in Equation 2 represent the 
distances between two neighbouring flow units in 



vertical and parallel directions to a shear-flow plane, 
respectively. Equation 1 predicts a linear functional 
relation between ~ / T  and log i if the Eyring factors 
AH, Va and C are of constant values, i.e. if the structure 
of the flowing system remains unchangeable at vary- 
ing of strain rates. 

Experimental data for the lower yield stress % 
divided by temperature T in a temperature range from 
- 60 to + 60~ are plotted against log~ in Fig. 2. 

Temperature rise during plastic flow was seen as 
shown, for instance, for the case of - 30 ~ As indic- 
ated by a dashed line drawn through the experimental 
points at - 3 0 ~  with increasing strain rate the 
quantity or1/T reached the maximum value, and there- 
after decreased continuously. This is attributable to a 
rise in specimen temperature caused by insufficient 
dispersion of the heat generated by plastic work, 
which was achieved in a relatively short time at higher 
strain rates. It was also observed that the strain rate at 
which the quantity Ol/T showed the maximum value 
decreased with temperature. This is due to the fact that 
with decreasing temperature, the specific heat of the 
sample decreases while the amount  of plastic work 
increases. Thus, to analyse the flow in the glass at 
constant temperatures, the experimental points which 
were apparently influenced by temperature rise in 
specimens, as shown for - 30~ are excluded from 
Fig. 2 for other temperatures. After this exclusion, the 
experimental points at each temperature in a lower 
strain-rate range, where the effect of the temperature 

1.0 ~ -60~ 

-50  ~ 

o 
- 4 0  ~ 

,,.) .~---~- -30~ 

. , , . J  ",/@ 0 - 1 0  & 
{_. o ~176 
- J ~  ~ 

20 ~ 

~' . . ~  ~ 40~ o 50~ 

s 9...-# 

0.1 o ~ ~- : 

I r , " I I I - - i  
0 -5  -4  -3  - 2  

tog ~: ( s -1) 

Figure 2 The ratio Of lower yield stress o I divided by temperature 
T plotted against the logarithm of true strain rate ~. 

rise was ignored, could be represented by a curve with 
a slope increasing gradually with log ~. As illustrated 
in the previous paper [6], these curves can be analysed 
using the Eyring equation in a novel way: a curve is 
approximated by successive line elements with differ- 
ent slopes, and parallel line elements at different tem- 
peratures represented by Equation 1 are determined 
so as to give the best fit to the data. Sets of paralM line 
elements labelled by alphabetical marks a to k in Fig. 2 
were obtained in this way, and the corresponding 
numerical values of the Eyring factors AH, v a and C 
are summarized in Table 1. 

Assuming that the distances X and Zl are equival- 
ent, we have from Equation 2 

AS = 19.15 (log C - 10.14) (J tool - 1 K  -1) (3) 

This expression provides experimental values of the 
activation entropy for the plastic flow in the glassy 
polymer. Hence the quantity AS, and also AH, ob- 
tained from the glass will hereafter be denoted using a 
superscript (g). Substitution of log C (given in Table I) 
into Equation 3 thus enables us to show a functional 
relation between A S  (g) and A H  (g). 

For the state of melt, a functional relation between 
the activation entropy, AS (m) , and the activation 
enthalpy, AH (m), is derived from the WLF equation 
as [6] 

x/AH(m) = ~ / rg  - c g ~ + x/-2.303 Rc] 4 
(4) 

where a superscript (m) refers to the melt. This ex- 
pression represents a linear function between 
(AH(m)) 1/2 and (AS(m)) 1/2 with a slope of (Tg - cg) 1/2 
intersecting the axis of (AH(m)) 1/2 at a point 
(2.303 ,,~lW2.t/~pgog]l/2. Since the glass transition temper- 
ature Tg and the parameters c g and c g for the PMMA 
sample have been determined from relaxation data as 
Tg = 389 K, c g = 21.2 and c g = 66.4, substitution of 
these values into Equation 4 gives 

x ~ H  'm) = 17.96 Ax/S~ m) + 5.19 (5) 

As discussed previously [6], numerical values of AH 
and AS represent quantitatively the effect of inter- 
molecular interaction on the displacement of polymer 
chains. In other words, the values of AH and AS can be 
uniquely related to the structure of a flowing poly- 
meric system, because the structure of the system is 

T A B L E  I Eyring factors obtained by fitting Equation 1 to data 
shown in Fig. 2 

Label AH (kJ moI 1) v a (nm 3) log C 

a 276.3 5.30 31.21 
b 247.0 4.54 27.56 
c 226.0 3.97 24.97 
d 209B 3.53 22.91 
e 194.6 3.03 21.37 
f 180.0 2.65 19.59 
g 163.2 2.27 17.47 
h 150.7 1.86 15.91 
i 142.3 1.82 14.88 
j 131.9 1.59 13.68 
k 125.6 1.41 13.19 
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determined in principle by the intermolecular inter- 
action. Accordingly, the comparison of the functional 
relation between A H  (g) and AS (g) with Equation 5 is 
probably to provide experimental evidence on the 
structural change of the glass into a liquid-like struc- 
ture. In Fig. 3, the functional relation of (AH(g)) ~/2 to 
(AS(g)) ~/2 is compared with Equation 5. It is seen that 
the experimental points in each temperature range fall 
on a single continuous curve. As stated previously, the 
experimental points for the glass in the higher temper- 
ature range were in good agreement with Equation 5. 
This agreement verifies the transition of the glass into 
a liquid-like structure at higher temperatures. In the 
lower temperature range, however, the experimental 
points deviate gradually from the straight line of 
Equation 5. 

A likely explanation is that Equation 5, in the 
region where the deviation occurs, corresponds to an 
expression of the WLF equation extrapolated into a 
much higher temperature range where this empirical 
equation is no longer available for the temperature 
dependence of relaxation. With respect to the temper- 
ature range available for the WLF equation, it has 
been believed that the range from Tg to nearly 
Tg + 100 K is acceptable, and at higher temperatures 
the relaxation processes are governed by more specific 
features [9]. Thus if the structure of the glass is 
changed into a liquid-like structure for the melt at 
higher temperatures beyond this temperature range, 
the relation between AH and AS for the liquid-like 
structure can no longer be compared with the corres- 
ponding functional relation from the WLF equation. 
To give a coordinate of structural temperature to 
Fig. 3, therefore, the quantity AS on the abscissa was 
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Figure 3 An experimental functional relation of (AH) 1/2 against 
(AS) 1/2 for the steady plastic flow compared with Equation 5 for the 
relaxation in the melt. (3, data obtained at lower temperatures in 
this work; 0 ,  previously reported data obtained at higher temper- 
atures [6]. 
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converted to a corresponding temperature T of the 
melt through the following equation: 

AS = 2.303 Rc]cg2 ( Tg - c~) (6) 
( T -  + 4 )  2 

This calculation gives a second abscissa, T -  Tg, as 
shown in Fig. 3. It is noticeable that the experimental 
points of AH (g) against AS (g) begin to deviate from 
Equation 5 nearly at T - Tg = 100 K. Accordingly, it 
is presumed that the functional relation of AH (g) 
against AS (g) in the lower temperature range rather 
represents a relation of AH (m) to AS (m) for the melt at 
temperatures higher than Tg + 100 K, and the struc- 
ture of the glass has made a transition into that for the 
melt at the higher temperatures. In consequence, the 
comparison between the functional relations of AH (g) 
against AS (g) and AH (m) against AS (m) illustrated in 
Fig. 3 has led to the suggestion that, when imposed by 
large strain at very low temperatures, the glass was 
changed into a liquidqike structure of the melt at very 
high temperatures. 

Furthermore, data of the viscosity for the PMMA 
melt will provide further confirmation of this glass-to- 
liquid transition. Comparable viscosity data for the 
cast-moulding PMMA sample has not been pre- 
sented, as<the sample suffers thermal resolution at 
elevated temperatures because of its high molecular 
weight. For an injection-moulding PMMA sample of 
moderate molecular weight, however, Asami [10] has 
presented the viscosity data as a function of temper- 
ature and strain rate over a temperature range from 
200 to 260 ~ Derived from his data, the experimental 
functional relation between the zero-shear viscosity rlo 
and temperature T for the injection PMMA sample is 
represented by the following Arrhenius-type equation: 

no = Aexp \ ~ }  (7) 

where 

and 
A H  (m) = 146.5 (kJmo1-1) 

lnA = -27.21 

The zero-shear viscosity equation for the liquid-like 
structure of the PMMA glass can be predicted in the 
following way: the unapproximated original form of 
Equation 1 is given by r l l ,  12] 

( = \ k l h j T e x p  

�9 
sin k 2 ~  / 

AH+ jexp( ) 
( 8 )  

This equation holds for a liquid-like structure which is 
uniquely defined by numerical values of AH, AS, v s 
and %. If we suppose this liquid-like structure to flow 
under very low stress, ~, without changing its structure 
(i.e. without changing the values of AH, AS and vs), 
then an equivalent to the zero-shear viscosity for this 
structure can be reduced from Equation 8 as 

q~ = lim ~- = exp - exp ~ (9) 

p~O 



In this expression vs denotes shear activation volume, 
which has experimentally been shown to be related to 
the apparent activation volume % evaluated under 
uniaxial compressive stress in the form [-13] 

v~ = 1.08Vs (10) 

Consequently, using experimentally evaluated para- 
meters %, C and A H  (g), Equation 9 is expressed as 

% = A' e x p i ~ - !  (11) 

where 
0.72 k 

A' - (12) 
Cva 

Now we compare the experimental relation of In A' 
against AH (g) with the point of ln A against A H  (m) 

from Asami's data. The result is shown in Fig. 4. The 
experimental point of In A against AH (m) falls right on 
a straight line drawn through the data of In A' against 
A H  (g). This agreement convincingly indicates the 
transition of the glass into liquid-like structures of the 
melt at high temperatures. In consequence, it is con- 
cluded that during the plastic deformation at low 
temperatures, the glass changes its structure into a 
liquid-like melt structure at high temperatures. 

Another significant Eyring parameter obtained by 
the rate' analysis is the apparent shear activation 
volume, va. In Fig. 5, the activation enthalpy AH (g) is 
plotted against the activation volume v a. With de- 
creasing temperature, A H  (g) decreased linearly with v,. 
Another ordinate, n, representing the number of 
monomer units in an activation volume, provided a 
linear function between AH (g) and n, showing a in- 
clination of 5.13 kJmo1-1 per monomer unit. This 
inclination means AH (g) increased by 5.13 kJmol  -x 
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Figure 4 Functional relation between zero-shear viscosity factors 
for the liquid-like structure of P M M A,  showing an excellent agree- 
ment with that  for the melt. O,  Glass; II, Melt. 
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Figure 5 A linear relation between the activation enthalpy AH (g) 
and the activation volume v a or the number  of monomer  units n in 
v,. O,  data obtained at lower temperatures in this work; 0 ,  prev- 
iously reported data obtained at higher temperatures [6]. 

for each additional increment of a monomer unit to 
the activation volume. 

As presented in Table I, the minimum value for v, 
obtained in this work was 1.41 nm 3. This is equivalent 
to a volume of only about 10 monomer units, and is 
far less than that obtained at higher temperatures near 
Tg (e.g. 100 to 150 monomer units [6]). This result 
leads to the question, what is the least size for v,? Thus 
the quantity v a was plotted against temperature T in 
Fig. 6 at variations of log~. It is seen that v a ap- 
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Figure 6 A plot of the activation volume v, or the number  of 
monomer  units, n, in v, against temperature T at varying strain 
rates, exhibiting the least critical size for Va at lower temperatures. 
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proaches a certain finite value with decreasing temper- 
ature. This can reasonably be expected as an inde- 
pendent cooperative movement of monomer units 
without accompanying adjacent monomers would be 
impossible if n decreased as low as two or three. Thus 
the independent cooperative movement is likely only 
for rearranging monomer units, the number of which 
is larger than a certain limited value. This should be 
the least size of the activation volume, which will be 
denoted as v*. Hence each curve in Fig. 6 is sup- 
posedly approaching v* with decreasing temperature 
(the critical volume v* for the PMMA sample may be 
estimated to be at least several times as large as that of 
a monomer unit). With further decreasing temper- 
ature, then, Va will reach or become nearly equal to v*, 
which is necessarily independent of temperature and 
strain rate. In this critical situation, AH (g) and AS (g) 
will also approach the critical values AH* and AS*, 
respectively, corresponding to the ultimate size Va-* 
Thus the plastic flow for this state is expected to be 
reproduced by a single Eyring equation of a form 

cy _ 9 .212k( log  log 
T v* \ 

where 

AH*  
C* T + 0.4343 RT ] 

(13) 

= \ 3 k ~ h / e x p  (14) 

It should be noticed that the gradual approach of 
AH ~g) to the critical constant value AH* in the glass 
with decreasing temperature is symmetrical to the 
behaviour of A/-/(m) for the flow of the melt: the 
quantity AH (m) approaches a constant value with 
increasing temperature, and at high temperatures the 
viscosity of the melt can frequently be approximated 
by the Arrhenius equation with a temperature- 
independent value of activation enthalpy. This is illus- 
trated in Fig. 7. The experimental points are the data 
of the activation enthalpy AH ~g) plotted against tem- 
perature, T, whereas the solid curve is a functional 
relation between AH (m) and T for the melt deduced 
from the relaxation data. A dashed line is a mirror 
image of the solid curve reflected by a fictitious mirror 
placed at Tg, showing a good agreement with the data 
from the glass. This symmetrical behaviour of AH 
with respect to Tg is understood as a result of the 
structural transition of the g l a s s -  with decreasing 

temperature the liquid-like structure of the glass shifts 
to that of the melt at higher temperatures. 

3.3. Transition mechanism in the solid 
polymer from glassy to liquid-like 
structure at temperatures below T 2 

As illustrated in the previous paper, the yielding of the 
glassy polymer can be understood as a transient phe- 
nomenon, resulting from a strain-induced decrease of 
the volume of the cooperatively rearranging region to 
the least size in the lower yield range. Thus the yield 
point has been concluded to be an unstable state of 
flow, revealed only instantaneously in this transient 
state. The aim of this final section is to discuss the 
effect of the size of activation volume on yield strain ~y 
(strain at the yield point), and the strain range in the 
lower yield state. 

A comparison of the temperature dependence of ay 
(shown in Fig. 1) with the relation of v a to temperature 
(shown in Fig. 6) leads us to find a close relationship 
b e t w e e n  ~y and Va; with decreasing, temperature, ey 
increased to reach the maximum constant value as 
indicated by the dashed line in Fig. 1, while va de- 
creased towards the least critical size v*. A similar 
relation was observed between ~y and v, when com- 
pression tests were conducted at varying strain rates at 
a constant temperature; ey increased with strain rate 
whereas va decreased. Further, it is seen that the strain 
range of the lower yield state shifted to higher values 
with decreasing temperature (see Fig. 1) or increasing 
strain rate, although the quantitative amount of the 
shift was not obvious because of the considerable 
flatness of the plateau range. Thus, from these temPer- 
ature and strain-rate dependences of Z)a, ~y and the 
strain range of the lower yield state, it can be shown 
that with decreasing size of Va in the lower yield state, 
both the strains at the yield point and in the lower 
yield range increase. This implies that more strains are 
required for passing through the yield point and 
reaching the lower yield state with lessening activation 
volume. As discussed above, however, the size of 
decreasing activation volume is presumably limited to 
the critical volume * Thus at this limited stage both V a - 

the yield strain and the strain range in the lower yield 
state are supposed to become temperature and strain- 
rate independent. 
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Figure 7 Symmetrical relation of AH ~*1 and AH (m~ with respect to 
the glass transition temperature Tg. ~ = ~, 10-s; �9 10 4; O, 
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4 .  C o n c l u s i o n s  
The rate analysis of the steady plastic flow at low 
temperatures for PMMA provided the following 
results: 

1. Large strains induced the structural change of 
the glass into liquid-like structures when imposed at 
temperatures below T2, as well as at higher temper- 
atures. 

2. With decreasing temperature of the glass, its 
liquid-like structure shifted to that of the melt at more 
elevated temperatures. 

3. The quantities AH and Va for the liquid-like 
structure approached their respective critical values 



with decreasing temperature. Thus a critical state of 
the liquid-like structure was expected to exist for the 
structural transition at very low temperatures. 
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